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Abstract. In this paper we discuss a method for bounding the size of the 
stabiliser of a vertex in a G-vertex-transitive graph F. In the main result the 
group G is quasiprimitive or biquasiprimitive on the vertices of F, and we 
obtain a genuine reduction to the case where G is a nonabelian simple group. 

Using normal quotient techniques developed by the first author, the main 
theorem applies to general G-vertex-transitive graphs which are G-locally prim- 
itive (respectively, G-locally quasiprimitive), that is, the stabiliser Gq of a 
vertex cx acts primitively (respectively quasiprimitively) on the set of vertices 
adjacent to a. We discuss how our results may be used to investigate conjec- 
tures by Richard Weiss (in 1978) and the first author (in 1998) that the order 
of GoL is bounded above by some function depending only on the valency of F, 
when F is G-locally primitive or G-locally quasiprimitive, respectively. 

To Richard Weiss for the inspiration of his beautiful conjecture 



1. Introduction 

In this paper we study the family A{d) defined as follows (where a graph F is 
G-vertex-transitive if G is a subgroup of Aut(r) acting transitively on the vertex 
set VT of r). 

Definition 1. Let d be a positive integer. The family A{d) consists of the ordered 
pairs (r, G), with F a connected G-vertex-transitive graph of valency at most d. 

We study the order of the stabilisers Ga for pairs (L, G) € A{d) and a £ VT, 
focusing on the case where G is quasiprimitive or biquasiprimitive in its action 
on VT. A permutation group G is said to be quasiprimitive if every non-identity 
normal subgroup of G is transitive, and biquasiprimitive if G is not quasiprimitive 
and every non-trivial normal subgroup of G has at most two orbits. 

We briefly explain the context: the family A{d) is closed under forming normal 
quotients in the sense that, for (r,G) S A{d), and a normal subgroup N < G with 
at least three orbits in VT, the pair (Tn^Gn) € A{d), where F^r is the G- normal 
quotient of F modulo N (see Definition IH) and Gat is the group induced by G on 
the set of TV-orbits. We regard pairs (F, G) which admit no proper normal quotient 
reduction to smaller graphs as 'irreducible'. Thus the irreducible pairs in A{d), are 
those for which G is quasiprimitive or biquasiprimitive on VT. 
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Before stating our main results we give two definitions. 

Definition 2. If G is a quasiprimitive or a biquasiprimitive permutation group, 
then the socle Soc(G) of G is isomorphic to a direct product of isomorphic simple 
groups (where T is possibly abelian). We call T the socle factor of G. 

Definition 3. Let / : N ^ N. Then (F, G) £ A{d) is said to be f -hounded if 
\Ga\ < fid) for every a S VT. Define / , / : N N by 

m = {dfidr'n^)'y 
m = fid') 

where d' is the unique element of N such that {d' — l){d' — 2) < d < d'{d' — 1). For 
functions gi,g2 N N and setting do — d{d — 1), define gi * 52 : N ^> N by 

Theorems|3]and[n]are our main results for quasiprimitive groups and biquasiprim- 
itive groups, respectively. 

Theorem 4. Let (F, G) G A{d) where G is quasiprimitive on VT with socle factor 
T. Then either 

(1) : (F,G) IS (ddiy. -bounded, or 

(2) : the pair (F,G) uniquely determines a pair (A,T) G A{d), and if (A,r) 
is g-bounded for some g : N — !■ N. then (F, G) is 'g-bounded. Conversely, if 
(F, G) is f -bounded for some / : N — > N, t/ie^ also (A,T) is f -bounded. 

Theorem 5. Let (F, G) G .4((i) where G is biquasiprimitive on VT with socle factor 
T . Then either 

(1) : (F,G) IS {d^{{d{d - l))\)y.-bounded, or 

(2) : (F,G) uniquely determines two (possibly isomorphic) pairs (Ai,T) G 
A{d{d—l)), for i = 1,2, and if (Ai, T) is gi-bounded for i — 1,2, then (F, G) 
is gi * g2-bounded. Conversely, if (F, G) is f -bounded for some / : N ^ N, 
then each of the {Ai,T) is f -bounded. 

The class of quasiprimitive permutation groups may be described (see in 
a fashion very similar to the description given by he O'Nan-Scott Theorem for 
primitive permutation groups. In |13| this description is refined and eight types 
of quasiprimitive groups are defined, namely HA, HS, HC, SD, CD, TW, PA and 
AS, such that every quasiprimitive group belongs to exactly one of these types. In 
proving Theorem |4] we show, in Corollaries [15] and 1161 that there exists a function 
/i : N — N such that, if (F, G) is in A{d), with G quasiprimitive on vertices of 
type HA, HS, HC, SD, CD or TW, then (F, G) is /i-bounded. Furthermore, if G 
is of type PA with socle T', then I is bounded above by a function of d and of the 
size of the vertex-stabiliser of a T-vertex-transitive graph A uniquely determined 
by (F, G). Therefore Theorem 2] reduces the problem of bounding (as a function 
of d) the size of the vertex-stabiliser G^ to the case of nonabelian simple groups 
G. Similarly, the class of biquasiprimitive groups is described in detail in |15j and 
Theorem [S] applies to this more complicated family. 

The novelty of these (to us, remarkable) results lies in the fact that Theorems |4] 
and [5] do not require any assumption on the local action, that is, on the action of 
Go, on the set F(a) of vertices adjacent to a. In particular, Gq is not assumed to 
be transitive on F(a) in Theorems |4] and El 
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In the remainder of this introductory section we discuss how Theorems |4] and [5] 
can be used to study general G-vertex-transitive graphs. Also we show that Theo- 
rems [3] and are relevant for some open problems in algebraic graph theory. 

1.1. Application of Theorems [4] and [5] to studying general G-vertex- 
transitive graphs. Although Theorems |4] and [5] are stated for quasiprimitive and 
biquasiprimitive groups, using normal quotient techniques they can be fruitfully 
applied in more general situations. 

Definition 6. Let (F, G) be in A{d), and let TV be a normal subgroup of G with 
N intransitive on VT. Let denote the A^-orbit containing a e VT. Then the 
normal quotient Fjv is the graph whose vertices are the A^-orbits on l/F, with an 
edge between distinct vertices and if and only if there is an edge of F between 
a' and /?', for some a' € and some /3' G . The normal quotient is non-trivial 
if A ^ 1. 

Note that the group G induces a transitive action on the vertices of the normal 
quotient Fjv. Also, for adjacent , (3^ of Fat, each vertex of is adjacent to at 
least one vertex of (since A^ is transitive on both sets) and so, if d is the valency 
of F and d' is the valency of Tm, then d' < d. Thus (F, G) S A{d) implies that 
(Fat, Gn) G A{d)^ where Gat is the permutation group induced by G on the set of 
A-orbits. 

Following Wielandt [l^j for ^ subgroup H oi a. permutation group G, the 1- 
closure of H in G is the largest subgroup of G with the same orbits as H . The 
subgroup H is 1- closed in G \i H equals its 1-closure in G. Note that if A^ is a 
normal subgroup of G, then the 1-closure of A^ in G is normal in G and equals 
the kernel of the action of G on the A^-orbits. Thus the induced group Gat is the 
quotient of G modulo the 1-closure of A^ in G. In particular, if A^ is a 1-closed 
normal subgroup of G, then Gat = G/N . 

Let (F, G) e A{d) and let A be a normal subgroup which is 1-closed in G, and is 
maximal subject to having more than two orbits on VV. By Definition [6l the pair 
{T]\[,G/N) lies in A{d) and the group G/N is quasiprimitive or biquasiprimitive 
on VT]s[. Hence Theorems 0] and [S] apply to (FAr,G/A^). Now the stabiliser of the 
vertex of Fat is GaN/N = Ga/Na and therefore Theorems 2] and [5] provide 
information about bounds on |Gq/A"c|. In general, without further restrictions on 
(F,G), it is difficult to obtain useful information about A^. In general, jA'ctl is 
not bounded by a function of d (see Example 1391 which gives a family of examples 
in A{d) for which |Aq| grows exponentially with d). Nevertheless, there are some 
remarkable families of G-vertex-transitive graphs where fairly weak conditions on 
the local action lead to an upper bound on |A^q| as a function of d. We discuss in 
detail some of these families in the rest of this subsection. 

For a property V oi a. group action, a pair (F, G) e A{d) is said to be locally V 
if the permutation group Gq'"'' induced by Ga on F(a) has the property V . We 
will consider four properties 7^, the first three of which are the properties of being 
2-transitive, primitive or quasiprimitive. The fourth property is semiprimitivity: a 
finite permutation group L is semiprimitive if every normal subgroup of L is either 
transitive or semiregular [U |6l |9] . 

The following proposition was proved in [lOj Lemmas 1.1, 1.4(p), 1.5 and 1.6] 
(see the summary in [HI Theorem 4.1], or [12] for a more general treatment). The 
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boundedness assertion in the last sentence follows since, as noted above, the vertex 
stabilisers for (r,G) and {Tn,G/N) are isomorphic. 

Proposition 7. LetV he one of the properties: 2-transitive, primitive or quasiprim- 
itive. Let (F, G) G A{d) be locally V , and let N he a normal suhgroup which is 
1-closed in G, and maximal subject to having more than two orbits on VT . Then 
(r^v, G/N) G A{d) is locally V , G/N is quasiprimitive or biquasiprimitive on T^r^v, 
and Na = 1 for every a £ VT. In particular, for any function / : N ^ N, (F, G) is 
f -bounded if and only if (F^v, G/N) is f -hounded. 

Proposition [7] shows that, for pairs (F,G) which are locally 2-transitive, locally 
primitive, or locally quasiprimitive, normal quotient reduction together with The- 
orems [4] and [5] can be used to obtain useful information about the vertex-stabiliser 



1.2. The Weiss and Praeger conjectures. In 1973, Gardiner [5] proved that, 
if F is a connected G-vertex-transitive locally primitive graph and (u, v) is an arc 
of F, then the pointwise stabiliser in G of u, v, and all vertices adjacent to either u 
or V, is a p-group, for some prime p. A series of papers (see [25l [26] for example) 
followed in which various additional constraints on the local action led to upper 
bounds on the order of a vertex-stabiliser. This eventually led Richard Weiss [24] 
to conjecture in 1978 that local primitivity should imply boundedness. In our ter- 
minology his conjecture is the following. 

Weiss Conjecture. There exists a function / : N — > N such that, if (F, G) G A{d) 
is locally primitive, then (F, G) is f -bounded. 

In 1998, the first author [14, Problem 7] conjectured that local primitivity can 
be weakened to local quasiprimitivity. 

Praeger Conjecture. There exists a function / : N — s> N such that, if (F, G) G 
A{d) is locally quasiprimitive, then (F, G) is f -bounded. 

Moreover, in ^ the local assumption was weakened further to semiprimitivity 
(defined above). 

PSV Conjecture. There exists a function / : N -> N such that, if (F, G) G A{d) 
is locally semiprimitive, then (F, G) is /-bounded. 

In spirit, these conjectures are similar to the 1967 conjecture of Charles Sims |19j . 
proved in [2], that for a G- vertex-primitive graph F, the order of the stabiliser of a 
vertex is bounded above by some function of the valency of F. Unfortunately the 
methods in [2], using information about maximal subgroups of nonabelian simple 
groups, are not transferable to attack the other conjectures, and all three remain 
open. 

As we hinted to above, one approach towards proving the Weiss Conjecture was 
to prove subcases of it by placing additional constraints on the local action. After 
a series of papers by Trofimov [20l [2TJ [22l [23], this approach culminated in 1994 
in a proof of the Weiss Conjecture in the case of locally 2-transitive graphs. Also 
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some progress on the PSV Conjecture was made in [9], by restricting further the 
local semiprimitive action. 

An alternative approach to studying the Weiss Conjecture was initiated by the 
first author in |10[ If 4| using normal quotients to reduce to quasiprimitive and bi- 
quasiprimitive vertex actions. This was taken further in [3], where an analysis of 
G-locally primitive graphs with G quasiprimitive on vertices was undertaken, con- 
sidering separately each of the eight types of quasiprimitive groups according to the 
quasiprimitive group subdivision described in il3 . For six of the eight quasiprimi- 
tive types it was proved that \Ga\ is bounded above by an explicit function of the 
valency, reducing the problem of proving the Weiss conjecture for quasiprimitive 
group actions to the almost simple and product action types AS and PA {|3l Sec- 
tion 2]). The PA type was also examined in 3, Proposition 2.2] but, unfortunately, 
the proof contains an error which we discovered while working on the Praeger con- 
jecture. (Example 02] gives a counter-example to a claim made in the proof of [21 
Proposition 2.2].) 

Our results shed new light on the Weiss and Praeger Conjectures. Indeed, Propo- 
sition [7] together with Theorems |4] and [5] show that the Weiss and Praeger Con- 
jectures hold true if and only if the graphs (A,r) in Theorem [4] and (Ai,T) in 
Theorem [5] are /-bounded for some function / depending only on their valencies. 
Thus Theorems [3] and [S] reduce the Weiss and Praeger Conjectures to a sequence 
of problems about T-vertex-transitive graphs, for various families of non-abelian 
simple groups T with |r| — > oo. These problems are discussed and successfully 
solved for many families of simple groups in [16] . 

Although (A,T) in Theorem H] and the (Ai,T) in Theorem jS] are uniquely 
determined by (r,G) and inherit many of the properties of (r,G), we will see in 
Examples l40l [4T] and [42] that 'local properties' are not necessarily preserved by this 
reduction (for instance, if (r,G) is locally primitive, then (A,T) is not necessarily 
even locally quasiprimitive). 

It would therefore be very interesting to find which local properties of (F, G) are 
inherited by the (Ai,T). In fact, it may be possible to prove the Weiss and the 
Praeger Conjectures, using Theorems [4] and [S] by proving a stronger conjecture for 
(F, T) S A(d), with r in a family of non-abelian simple groups, in which the local 
action of (F, T) is further relaxed. We leave this as an open problem. 

Problem 8. Which properties of{T,G) G A{d), with G quasiprimitive on vertices, 
are inherited by (A, T) in Theorem^? Which properties of (F, G) € A{d), with G 
biquasiprimitive on vertices, are inherited by (Ai, T), (A2, T) in Theorem\^? 

1.3. Structure of the paper. In Section [2] we give some preliminary and fun- 
damental results that are of importance in the rest of our work. Before stating 
the main theorem of Section |2] in its full generality, we need a definition extending 
Definition [1] 

Definition 9. Let /i,/2 : N — > N be functions. Let F be a connected graph with 
every vertex of valency at most d and A'' < Aut(F). We say that (F, N) is (/i, /2)- 
bounded if the number of orbits of N on V^F is at most fi{d), and also \Na\ < f2{d) 
for every a G VT. 

For example, if (F, G) G A{d) is /-bounded, then (F, G) is (1, /)-bounded where 
1 denotes the constant function with value 1. In Section [21 we prove the following 
result which often leads to reductions in 'boundedness proofs'. 
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Theorem 10. Let [T,N) he [fi, f 2) -hounded and G < Aut(r) with N <G. Then 
there exists a function /s : N — N such that (F, G) is (/i, f3)-bounded. 

Remark 11. The proof of Theorem [TOl is constructive and it shows that we can 
take /3(d) = d^^^'^^~^{dfi{d)'^ f2{d))\. Here we do not claim that such an /a is the 
best possible function for Theorem llOl But it would be interesting to know whether 
our choice of could be significantly improved. 

Section [3] contains an auxiliary lemma needed in the proof of Theorem U) Sec- 
tion [4] contains the proof of Theorem [4] and Section [5] contains the proof of Theo- 
rem [S] Finally, Section [6] contains the examples mentioned in the introduction. 

In this paper all groups will be finite and graphs will be finite and simple. 

2. BOUNDEDNESS 

We start this section recalling some standard definitions. Given a group TV and 
a subset S of TV, we define the Cayley digraph of iV over S (denoted by Cay(A^, S)) 
as the digraph with vertex set N and with arc set {{n,n') <E N y. N \ n{n')^^ e S}. 
Clearly, Cay(iV, S) is an undirected graph if and only if S* = . Also the number 
of connected components of Cay(iV, S) is : {S)\. The main aim in this section 
is to prove Theorem [10] for the function (c?) given in Remark 1111 

Proof of Theorem \1(A Let (F, A^) be a connected (/i, /2)-bounded graph and 
N < G < Aut(r). Since N C G and A^ has at most fi{d) orbits, the group G also 
has at most fi{d) orbits. It remains to show that \Ga\ < fsid) for every a G VT. 

Let Oi, . . . ,Ot be the orbits of A on VT. We claim that F contains t vertices 
/?!,..., /3t, with Pi e Oi for every i, such that the subgraph induced by F on 
{/3i, . . . , /?(} is connected. Let A be a subset of vertices of F of maximal size with 
the properties |A n Oi| < 1 for every i, and the subgraph induced by F on A is 
connected. If |A| = t, then the claim is proved. Suppose then that |A| = I < t. 
Without loss of generality we may assume that A = {/3i, . . . , /3;}. Let w be a vertex 
in Since F is connected, there exists a path l3i — vi, . . . , Vu — v in T from /?i 

to V. Let i be minimal such that Vi ^ U^^j^Oj. In particular, i > 2 and u^-i £ Ok 
for some k < I. Since A is transitive on Ok, there exists n G N such that /3k — 
So, is adjacent to fik and ^ u'^j^Oj. Set A' = A U {wf }. By construction, 
A C A', the subgraph induced by F on A' is connected and A' contains at most 
one vertex from each Oi. This contradicts the maximality of A. Thus |A| = t and 
the claim is proved. 

Fix /?!,..., /3t, with Pi g Oi for every i, such that the subgraph induced by F on 
{/3i, . . . , /?(} is connected. Let S be the set 

S ^ {ne N \ there exists i with /3f G U*^iF(/?j)} 

and let F be the Cayley digraph on A with connection set S, that is, F — Ca.y{N, S). 
Given 1 < i,j < t, the number of elements n G N with /?f G F(/3j) is at most 
|r(^j)||A^ft| < df^id). Therefore \S\ < t^df2{d) < df,{d)^ f^id). 

Set H — n*^j^G^^. and note that, by connectivity of the induced graph on 
{Pi,...,Pt}, for each i, the index |G^, : H\ < d{d - If-^ < d*-^. Since H 
fixes a vertex in each orbit of A^ on VT and since G — Cgyni(yr) ( A^) permutes the 
Oi and the setwise stabiliser in C of each Oi induces a semiregular action on it, we 
obtain that Ch{N) = 1. Thus the group H acts faithfully on A by conjugation. 
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Let G = N >i H he the semidirect product of N hy H with respect to this action. 
We claim that G acts as a group of automorphisms on F by setting 

= (7n)s, 

for 7 e V^r, n <E N and g G H. It is straightforward to check that this is a well 
defined action of G on = A^. Let n be in A'', 5 be in if and (7, 7') be an arc of F, 
that is, 77'""^ £ S. By definition of a Cayley digraph, (7,7')"^ = ((t*^)^: (t'"-)^) = 
(79n9,7'fnf) is an arc of f if and only if -yUna {j'Sn^)-'^ = ^9(y9)-i ^ (77'^i)f 
lies in S. Hence to prove the claim it remains to prove that H leaves the set S 
invariant under conjugation. Let s G S (with /3| G F(/3j) say) and g G H. We have 

I3f = /?f"^^ = /?f e r(/3,)^ = r(/3p = f(/3,), 

and thus /Sf" G F(/3j). By definition of S, we have G S. Since s is an arbitrary 
element of S, this shows that = S and the claim is proved. 

Let S be the subgraph of F induced on the set {/3f | 1 < i < t,x G (S)}. We 
claim that F = S. We argue by contradiction. Let w be a vertex in T^F\ VS. Since 
F is connected, there exists a path /3i = wi, . . . , u„ = v in F from /3i to v. Let i 
be the minimum such that Vi ^ VT,. In particular, i > 2 and Vi-i G VS and so 
Vi-i — for some k < t and a; e (S*). Also, the vertex Vi lies in Ok/ for some 
A:' < t, so as A^ is transitive on Ok', we have Vi ~ (5"^, for some n G N . Since Vi-i 
is adjacent to Vi, we get fi^?" ^ — vf ^ & ^{''^f-i) = r(/?fc)- By definition of S, we 
have na;~^ G S. Finally, as x G (S), we obtain n G (S), and Vi — (3"^, G FS, a 
contradiction. Thus = W and hence S = F. 

Since F = S, the group {S) acts transitively on each A^-orbit. As H fixes a vertex 
from each (S')-orbit, we have Ch{{S))=1. Let Fi be the connected component of 
F containing 1 (that is, VTi = (S)) and let L be the permutation group induced 
by H on Fi. Since H acts as a group of automorphisms on (S) — VTi, we obtain 
L = H/Ch{{S)) = H. Thus H acts faithfully on Vfi and H < Aut((S')). Also, as 
H fixes setwise S, we get \H\ < \S\l < {dfi{df f2{d))\. Therefore |Ga| < d^-^H\ < 
d^^'^'^^~'^{dfi{dY f2{d))\ for every a G VT and the proof is complete. □ 

Remark 12. Although Theorem [10] is a very general statement, we often use it 
when A^ is vertex-transitive, in which case we can take fi{d) = 1 and /3(rf) = 

{dfMy- 

In the following corollary we single out the special case of Theorem [TU] most 
useful for the rest of the paper. 

Corollary 13. Let (F, G) be in A{d) and N a normal subgroup of G. If N acts 
regularly on VT , then \Ga\ < d\ for every a G VT . 

Proof. If A^ acts regularly on VT, then = 1 for every a G VT and so (F, A^) 
is (1, l)-bounded. Theorem [10] with f3,(d) as in Remark [11] yields iT,G) is (l,d!)- 
bounded. □ 

3. Auxiliary lemma 

This section contains only Lemma [T4l This very technical result will be impor- 
tant in the proof of Theorem [4] 
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Lemma 14. Let T be a non-ahelian simple group, I > I, and R a proper subgroup 
of T . Let mf'^'' — {m^^\ . . . ^vn!"^^), . . . ,nrS'^^ = (m^''\ . . . , m['^-') be elements of 
such that, for each i G {1, . . . , d}, the set of entries {m^j^^j ofm^^^ contains at most 
d distinct elements from T. Let y*^*-* and z*-') be in R} , and set n^*-* := ^/'^'m^^-'z^*-', 
fori = l,...,d. IfT' = (n(i),...,n(''))i?', then I < d'^\R\^'^. 

Proof Write y(^) = {y["\ . . . and z(^) = . . . ,zf^) with yf,zf^ G R. We 

denote by the jth coordinate of n^^K Set U = (n*^^\ . . . ,n'^'^'^), and assume 

that T' = [/i?' and / > d'^\Rf'^. 

Since the element m*^*^ has at most d distinct entries, by the pigeonhole principle 
we obtain that m^'^ has more than d'^~'^\R\'^'^ coordinates with the same entry. 
Applying this argument for each i G {1, . . . , d}, we obtain that there exists a set of 
coordinates X C {1, ...,/} with \X\ > \R\'^'^ and such that every to^'^ is constant 
on the coordinates from X. 

Let Y be the {d x |X|)-array {yx'')i<i<d.xex, and let Z be the {d x |X|)-array 
{zx'' )i<i<:d,xex ■ The columns of Y and Z are elements of R'^. Therefore, for each 
of Y and Z, there are at most |iZ|'' possibilities for each column. As \X\ > \R\'^'^, 
by the pigeonhole principle, there exist distinct x, x' in X such that the xth and 
x'th columns of Y are equal and the a:;th and x'th columns of Z are equal. Hence 

yf' = ■• ^x^ = ^K'' every i= I,.. .,d. 

This yields 

(n(')), = yi^^mWzi*) = Vx'^'^x' = ("^'^)-' for every i = l,...,d. 

Therefore the projection of U to the group TxT (obtained from taking the xth and 
x'th coordinate entries in 
As T' = UR\ we obtain 

(1) T xT = {{t,t) \t eT}{Rx R). 

Let t be an element oiT\R. From (HI), we have (1, t) — (a, a){b, c) for some a G T 
and b,c € R. This yields a = G R and t = ac G i?, a contradiction. This 
contradiction arose from the assumption I > Hence / < and the 

lemma is proved. □ 

4. Proof of Theorem |4] 

In this section we use the subdivision into eight types (namely HA, HS, HC, SD, 
CD, TW, PA and AS) of the finite quasiprimitive permutation groups, and we refer 
the reader to [13^ for details. Our main tool for dealing with quasiprimitive groups 
is Corollary [131 Namely, in Corollaries [15] and [161 for (r,G) G A{d), we give an 
absolute upper bound (in terms of the valency d) on the size of the stabiliser of a 
vertex in G, if G is quasiprimitive of type HA, HS, HC, TW, SD or CD. We note 
that these results were proved in [3] in the case where G is locally primitive. 

Corollary 15. Let (P, G) be in A{d) with G a quasiprimitive group of type HA, 
HS, HC or TW on VT. Then \Ga\ < dl for every a G VT. 

Proof. As G is quasiprimitive of type HA, HS, HC or TW, the group G admits 
a regular normal subgroup N. From Corollary 1131 we have \Ga\ < dl for every 
a G FP. □ 



x'th coordinate entries in T') is contained in the diagonal subgroup {{t,t) \ t G T}. 
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Corollary 16. Let (F, G) he in A{d) with G a quasiprimitive group of type SD or 
CD on VT. Then \Ga\ < {ddl)! for every a€VT. 

Proof Assume that G is of type SD. Let N be the socle of G. So, iV = Ti x • • • x Tk 
for some k > 2, and each T^^T for some non-abehan simple group T. By definition 
of type SD, the group M = Ti x • • • x T^^i acts regularly on VT. Hence (F, A/) 
is (1, l)-bounded. Since M < N, Theorem [TU] with f3{d) as in Remark [TT] yields 
that (F,A^) is (1, /)-bounded with f{d) = d\. As N < G, a similar application of 
Theorem [TOl with f3{d) as in Remark[Tl] yields that (F, G) is (1, /')-bounded with 

fid) = {df{d))\ = {ddiy.. 

Assume now that G is of type CD. Then the vertex set VT admits a cartesian 
decomposition, that is, VT — A' for some set A and for some I > 2. Let N be the 
socle of G. Then N ^ T"' for some non-abelian simple group T and some u > 2. 
Also, G is permutation isomorphic to a subgroup of the wreath product H wr Sym(^) 
(endowed with the product action), where H C Sym(A) is quasiprimitive of type 
SD with socle T". 

As the socle of H contains a regular normal subgroup isomorphic to T""^, the 
group N contains a normal subgroup M isomorphic to acting regularly on 

A'. Hence (F,M) is (1, l)-bounded. Since M < N, Theorem [TUl with /3(d) as 
in Remark [fl] yields that (F, A^) is (1, /)-bounded with f{d) = d\. As N <\ G, a 
similar application of Theorem [TOl vields that (F, G) is (1, /')-bounded with f'{d) = 
{df{d))\ = {dd\)\. □ 

Remark 17. It is worth pointing out here that in Corollaries [TS] and [T6l there is no 
local assumption on G. This quite remarkably shows that in a quasiprimitive group 
G of type HA, HS, HC, TW, SD or CD acting vertex-transitively on a connected 
graph F, the size of the stabiliser of a vertex is bounded above by a function of the 
valency of F (see Theorem 2] (1)). 

In the rest of this section we deal with the case that G is of type PA. We start 
with a definition and a lemma required in the proof of Theorem 1221 

Definition 18. Let F be a G- vertex-transitive graph and S a system of imprimi- 
tivity for G in its action on VT. The quotient Fx; is the graph whose vertices are 
the blocks cr of S, with an edge between two distinct blocks a and 77 of E, if and 
only if there is an edge of F between a and /3, for some a G cr and some P ^ rj. 

The graph Fs is G- vertex-transitive but (despite the similarity with Definition[6]) 
there is no upper bound on the valency of F^ in terms of the valency of F. 

Lemma 19. Let (F, G) be in A{d), E a system of imprimitivity for the action of 
G on VT and N a normal subgroup of G with Na transitive on a for every a inYi. 
Then the number of orbits of on Fs (ct) is at most d, for every vertex a of Fs . 

Proof. Fix a a vertex of Fs and a in a. Let /3i, . . . , /J^ be representatives of the 
orbits of Gq, on T{a). Then r < |F(a)| < d. Let 771, . . . , 77^ be in S with /3i in rji, 
for i = 1, . . . , r. Now we prove two preliminary claims from which the lemma will 
follow immediately. 

Claim 1. Fs (a) - ULi 

By the definitions of Fe and of the rji, the right hand side is contained in the left 
hand side. Let rj be in Ts^ia). By definition, there exists a' G cr and £ 77 with 
/3 e F(a'). Since Ga is transitive on ct, there exists g ^ Ga such that a = {a'Y . 
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In particular, f3^ e r(a) and so there exists h E Ga with (3i — (3^^, for some 
i 6 {1, . . . , r}. As (3i E rji, we get rji = -q^^ with gh e Ga and so Claim 1 follows. ■ 

Claim 2. The number of orbits of on -qf" is at most |Gq : Gq.^J. 
Clearly, \rif''\ = \Ga '■ G^,!);!- Also, as N^- is a normal subgroup of G^, we have 
that each orbit of on rif' has size {Ga-juNa : Gct,,,J. Therefore the number of 
orbits of Na on rif' equals \Ga ■ G^.i^iN^l- 

Since by hypothesis is transitive on cr, we get Ga = GaNa- Note that, 
all of Gcr, -/Vo- and Ga^i-^Na are transitive on a and hence jGo- : Ga\ ~ \Ga,i-iiNa ■ 
{Ga,rnNa)nGo.\ = |a|.'Thus \Ga : G,,„.7V,| = |G„ : (G,,„.iV,)nG„| < |G<, : G„,ft|, 
(see Figure [T|). g 



Gcr — GaNa 




Ga,r,,NanG, 




Figure 1. Subgroup lattice for Lemma [TOl 

From Claims 1 and 2, the number of orbits of Na on rs((T) is at most ■ 
Ga,p,\=d. □ 

We start our analysis of quasiprimitive groups of type PA by setting some nota- 
tion (as usual we follow jTT] and [TB])- 

Notation 20. Let F be a connected G-vertex-transitive graph of valency d and 
assume that G is a quasiprimitive group of type PA. The socle N = Ti x ■ ■ ■ x Ti oi 
G is isomorphic to T', where T is a non-abelian simple group, and / > 2. Moreover, 
there is a G-invariant partition S of VT such that the action of G on E is faithful 
and is permutationally isomorphic to the product action of G on a set A'. By 
identifying E with A' we have G C W = -ffwrSym(Z), where H C Sym(A) is an 
almost simple group with socle T which is quasiprimitive on A, A'^ is the socle of 
W, and W acts on E in product action. Fix S an element of A. We denote by a the 
element (5, . . . , 5) of E = A'. Also, we fix ao a vertex of F in tr and let /3i, . . . , /3r 
be representatives of the orbits of Gao on F(q!o). We have Wa = Hs wr Sym(Z) and 
Ts is a proper subgroup of T. 

The group G acts transitively on the set {Ti, . . . ,Ti} of minimal normal sub- 
groups of N. As G = NGag and N acts trivially on {Ti, . . . ,T;}, we obtain that 
Gao ^cts transitively on {Ti, . . . , T;}. In the sequel, we use this fact repeatedly. 

It is proved in [TT] that Nag is a subdirect subgroup of A^^ = Tg, that is, Nag 
projects onto Ts for each of the I direct factors of A^^- Furthermore, the subgroup 
Gi := Nc{Ti) has index I in G and Gj induces a subgroup of Sym(A); this subgroup 
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is almost simple with socle T and without loss of generality we may take H to be 
this subgroup for each i. We denote hy tti : d ^ H the projection of d onto H. 

Lemma 21. 7ri(G, n G^J = 7ri(G, n G„) = iJ^- 

Proof. Since Gq^ C Go-, we have ni{Gi n Gao) C 7ri(Gi n Gcr) C i/^ and hence it 
suffices to prove that 7ri(GinGao) = Hs. Set L = 7ri(GinGao). ft was proved in [11] 
that Nag is a subdirect subgroup of and hence Tri{Nag) = iTi{Na) = Tg Q L. 
Since G^^ C Wo- = i?5wrSym(^), we have L C Hs- As iV is transitive on VT, we 
have G = NGag- Hence, from the modular law, we get Gi — N{Gi fl Gag) and, 
applying tt, on both sides, we have H = TL. Thus Hs = HgD {TL) = (i?^ fl T)L = 
TgL = L. □ 

Theorem 22. Let (F, G) be in A{d) with G a quasiprimitive group of type PA on 
VT (as in Notation \20\) . Then I < d'^jT^p'*. Furthermore, (F,G) uniquely deter- 
mines an element (A, T) in A{d) with the stabilisers of the vertices of A conjugate 
to Ts. 

Proof. Let = {SI, . . . ,Sl), for 1 < i < s, be representatives of the orbits of N„ in 
its action on T^{a). Since N is transitive on ^F and S is a system of imprimitivity 
for G, we obtain that N^, is transitive on u for every j/ G E. So Lemma [TOl applies 
and we have s < d. Since No- = Tg x ■■■ x Ts, it follows from the definition of the 
77' that 

(2) T^icj) = [jir^Y- = U {{5lf^ X ... X {5lf^) . 

1=1 i=l 

Now we prove two preliminary claims from which the theorem will follow. 
Claim 1. \JU{5^)''^ = \JU{^V' ^or every je {!,..., I}. 

As Ts C Hs, the right hand side is contained in the left hand side. Fix j in {1, ... ,1}, 
i in {1, . . . , s} and h in Hg. From Lemma \Tl\ we have i^jiGj C\ Ga) — Hs. Hence 
there exists c — {hi, . . . , hi)g G Gj D Ga with hj — h. Now, (77')'^ G Fs(o') and 
the jth coordinate of (77^'= is (J])''. So, from ©, we get ((5])'* G Uf^iisf)^' and 
Claim 1 follows. ■ 

Claim 2. [jt=iiS]V' = [Jt=iiS{V' for every j G {1, . . . , I}. 

Fix j in {1, ... ,1}. Since the left and the right hand side are T^-invariant, it suffices 
to show that G Ui=i((5* )-^* for every v G {1, . . . , s}. (This will imply that the right 
hand side is contained in the left hand side, and an analogous argument proves the 
reverse inclusion.) Fix v in {1, . . . , s}. Recall that G^ is transitive on {Ti, . . . , T/}. 
So, there exists 

c^ {hi,. . ., hi)g e Ga Q ffa wrSym(Z) 
such that g conjugates Ti to Tj, that is, Ig = j. Then Fs(cr) contains r]^ and hence 
contains 

{vT = {{si,-.p^-\...ASi,-Y'^-'), 

which has jth entry ('^Jg-i )'*""^ — ('^1)'*^. From we obtain that the jth entries 
of the elements of Fx;(ij) lie in Uf^i{5'j)'^^ . Therefore 

s 

1=1 
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Now, as /i^ ^ e Hs, Claim 1 yields 51 e and Claim 2 follows. ■ 

Claim 2 yields that the Is elements {5^j}j^i lie in at most s distinct T^-orbits. In 
particular, since Na — Tg, for each i G {1, . . . , s}, the A^cr-orbit (77*)^" contains an 
element with at most s distinct entries from A. Therefore, by replacing 77' with a 
suitable element from (77*)^" if necessary, we may assume that there are at most s 
distinct elements of A among the I entries of . 

Since N is transitive on VT we may choose rrii G N such that u™' = rj^. More- 
over, since cr = (6, . . . ,S), and since has at most s distinct entries from A, the 
element rrii can be chosen so that its I coordinates contain at most s distinct entries 
from T. 

For each /3 G r{ao), let be an element of TV with /3 = ao"". Set U = (ri^ | /3 G 
r(ao)). Let r be the subgraph of T induced on the set ao^ . We claim that F = F. 
By the definitions of F and U, we have ao S and F(q;o) C VT. Therefore, since 
F is [/-vertex-transitive, every vertex of F has valency |F(ao)| = |F(q;o)|. Since F 
is connected, this yields F F. In particular, U acts transitively on VT and so 
N = UNao- As Nag is a subgroup of N^, we have N — UN„. 

Fix /3 in F(ao)- Since ao"'' G F(ao), we get cr"f G TY.{a) and hence ct"'* G 
{rfP )-^" for some G {1, . . . , s}. In particular, there exists zp G such that 

Since by the definition of we have cr™*'' = rff , we obtain a = a 'f* , that 
is to say, yp :— npzijm~^ G N„. Therefore, for every /3 G F(q!o), there exists 
7^ G {1, . . . , s} and y^, Zjs G N„ such that 

nfi = yum^i^izfi)-'^. 

Now Lemma [Til applied to toi, . . . , G = T' gives I < d'^\Ts\'^'^. 

Set Ml = Ti X ■■■ X r^_i X Tj+i x • • ■ x T/ for z G {1, . . . , /}. Since is a 
maximal normal subgroup of N, we obtain that either Ali is transitive on VT or 
Mi is 1-closed in N. As Nq, is a subdirect subgroup of N^, we have N^Mi = 
N„M, = Tg X Mi < N and so Mi is 1-closed in TV. Therefore, by Definition H 
the pair {T /Mi) lies in ^(d) for each i G Furthermore, since G 

acts transitively on we obtain that Tmi — Tm for every i,j G 

{1,...,/}. This shows that (F,G) uniquely determines the element {Tmi, N/Mi) 
of ^(d) up to isomorphism. Finally, the stabiliser in N/Mi of the vertex a*^^ of 
Fa/i is TVqMi/Mi = {Ts X Mi) /Mi = Ts and theorem is proved. □ 

Now we are ready to prove Theorem 2] 
Proof of Theorem \J\ If G is of type HA, HS, HC, TW, SD or CD, then by 
Corollaries [TSl and [T6l the graph (F,G) is (dd!)!-bounded. 

Assume that G is of type AS, and set A = F and T = Soc(G). Clearly, (A,r) 
is uniquely determined by (F, G). Also, as T is transitive on VT, from Theorem [TUl 
with /3(d) as in Remark [TTl if (A, T) is ^-bounded, then (F, G) is /-bounded where 
f{d) = {dg{d))l. In particular, as f{d) < g{d), we get that (F,G) is 5-bounded. 
Conversely, if (F, G) is /-bounded, then (A, T) is also /-bounded. 

Finally assume that G is of type PA and let (A, T) be as in Theorem [22l We 
use Notation 1201 From Theorem I22[ we have I < d'^lTxl'^'^ with A G VA. Assume 
that (F, G) is /-bounded for some / : N — ?> N. As Na is a subdirect subgroup 
of iV^ ^ Tl and \Ts\ = |Ta|, we have that \Tx\ < \Na\ < f{d) and so (A,T) is 



BOUNDING VERTEX-STABILISER 



13 



/-bounded. Finally, assume that (A,T) is g-bounded for some g : N — s- N. Now, 
\No,\ < \N^\ = ITaI' < g{dy < g{dY''3id?'' and so (r,iV) is /'-bounded with 
/'(d) = gidf^idf. Finally, Theorem [10] with /3(d) as in Remark [II] yields that 
(r, G) is /-bounded for f{d) = {dg{d)''''3('if'')l = gid). □ 

5. Proof of Theorem [5] 

Recall that a permutation group G is biquasiprimitive if every non-trivial normal 
subgroup of G has at most two orbits and G does have a normal subgroup with 
exactly two orbits. In [15[ Theorem 1.1], the structure of a biquasiprimitive group 
is described in detail and here we use [IS] as a reference. We set some notation for 
the rest of the paper, which follows [15]. 

Notation 23. For a finite biquasiprimitive permutation group G on fi, there is at 
least one non-trivial intransitive normal subgroup N (since G is not quasiprimitive) 
and N must therefore have two orbits, say A, A'. Each element of G either fixes set- 
wise these two orbits or interchanges them. Thus the elements of G that fix A, A' 
setwise form a subgroup G^ of index 2, and G"*" induces a transitive permutation 
group H on A. By the embedding theorem for permutation groups, G is conjugate 
in Sym(r2) to a subgroup of the wreath product wr Sym(2) = {H x H) xi Sym(2). 
The set fi may be identified with A x {1, 2} such that, for (2/1,2/2) in the base group 
H X H, and (1,2) G Sym(2), 

(6,i)^y^'y''> = {6y\i) and (,5,i)(i'2) = ((5,i(i'2)) 

for all {S,i) S fl. Theorem 1.1 in [15) (which we report below) defines various 
distinct possibilities for Soc(G). 

Let M be a group. For each (p G Aut(M), we denote by Diag^(A/ x M) the full 
diagonal subgroup {{XjX"^) \ x G M} of M x Af . We write '■ y ^ x^"^ yx for the 
inner automorphism induced by the element x € AI. 

Before stating Theorem [23] we remark that if F is a G-vertex-biquasiprimitive 
graph, then F is not necessarily bipartite with bipartition {A x {1},A x {2}}. 
Indeed, the hypothesis of F being vertex-transitive does not imply that every edge 
of F joins vertices from distinct G^-orbits (but this is the case if F is connected 
and G-arc-transitive) . 

Theorem 24 ([15, Theorem 1.1 and Theorem 1.2]). Let G be a biquasiprimitive 
group on il, and H the permutation group induced by G^ on A x {1} (as in No- 
tation [23\) . Assume that G(^a,i} intransitive on A x {2} for a E A. Replacing 
G by a conjugate in Sym(ri) if necessary, G < iJwrSym(2), G \ G^ contains an 
element g — {x, 1)(1, 2) for some x G H , G^ = Diag^(_ff x H) where ip G Aut(_ff) 
and ifP' ~ ix, o,nd one of the following holds. 
{A): H is quasiprimitive on A. 

(B): H is not quasiprimitive on A; there exists an intransitive minimal nor- 
mal subgroup R of H such that R^ ^ i?, M ~ Rx R^ is a transitive normal 
subgroup of H, and N — Diag;^(M x M) is a minimal normal subgroup of 
G; and one of: 
(?) Soc(G) ^N. _ _ 

(ii) Soc(G) = NxN, where N, N are isomorphic non-abelian minimal nor- 
mal subgroups of G, and N — Diag^(M x M); M, M are isomorphic 
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regular normal subgroups of H , Soc{H) — M x M , and M = R x R 
for an intransitive minimal normal subgroup R of H . 

Remark 25. We warn the reader that [TSl Theorem 1.1] describes the structure of 
any finite biquasiprimitive permutation group (that is, G(q.i) is not necessarily as- 
sumed to be intransitive on A x {2} for a G A). The refinement of [HI Theorem 1.1] 
in [ini Theorem 1.2] is concerned with biquasiprimitive groups acting transitively 
on the vertices of a bipartite graph F. The statement of [151 Theorem 1.2] requires 
G to be arc-transitive on F, but the proof uses simply that G(^a,i) is intransitive on 
A X {2} for a £ A. Therefore a proof of Theorem [24l combines p!5l Theorem 1.1 
and Theorem 1.2] together with this remark. 

In the rest of this section we use the subdivision into types given in Theorem [24] 
and we prove Theorem [S] We start our analysis with the easiest example. 

Lemma 26. Let (F, G) G A{d) with G biquasiprimitive on VT and G(ct,i) transitive 
on A X {2} for a £ A. Then \G(^a,i} \ < dl{d - 1)! for every a £ A and i = 1, 2. 

Proof. Fix a in A. As F is connected, {a, 1) has a neighbour, (a', 2) say, in A x {2}. 
Since G(^a,i) is transitive on A x {2} and G < Aut(F), we obtain T{{a, 1)) 3 A x {2}, 
d> |A| and |G(„,i)| <d!(d-l)!. □ 

From now on, we may assume that G(q.i) is intransitive on A x {2} and so 
Theorem [24] applies. 

Notation 27. Fix (F, G) in A{d) with G biquasiprimitive on VT and G(5 i) intran- 
sitive on A X {2} for (5 E A (as in Notation [23]) . We denote by F'^'^ (respectively, 
F^'^) the graph whose vertices are the elements of A, with an edge between two 
distinct elements 5i and S2 of A if and only if the distance of {Si,l) from ((52, 1) 
(respectively, {5i, 2) from {S2, 2)) in F is at most 2. 

Since F is connected of valency d, the graph F"^^* is connected of valency at most 
d{d - 1) for each i £ {1,2}. The subgroup G+ = D'mg,^{H x H) of G that fixes 
setwise A x {1} and A x {2} acts transitively on A x {i} and the action of G+ on 
A X {i} is equivalent to the action of on A and preserves the edge set of F^'* for 
each i £ {1,2}. Therefore F"^'* is an i/- vertex-transitive graph of valency at most 
d(d-l), that is, (F^'Si?) £ A{d{d~l)) for each i e {1,2}. As 5 = (a;,l)(l,2) G G 
and (A x {1})^' = A x {2}, we have F^'^ = F^'^. Hence, without risk of ambiguity, 
we write simply F'^ for F^^^. 

The subgroup G^ is the unique subgroup of G of index 2 except for the case 
where \Vr\ = 4 and G = Z2 x Z2 (see [l5l Remarks 1.1 (1)]), in which case 
Theorem [5] is obvious. Therefore, in the remainder of the section, we assume that 
G^ is the unique subgroup of index 2 in G and hence A is uniquely determined by 
G. 

Summing up, the element (F, G) of A{d) uniquely determines the element (F^, H) 
of A{d{d — 1)) with Gi^a.i) — for every a G A and for every i £ {1, 2}. 

Lemma 28. Let (F, G) G A{d) and {T^,H) £ A{d{d - 1)) as in Notation^ If 
{T^,H) is f -bounded, then (F, G) is f -bounded where f'{d) — f(d{d— 1)), and if 
(F, G) is f -bounded, then (r^,H) is f -bounded where f is as in Definition\^ 

Proof. We have |G(a,i)| = \Ha\ for every a G A and i £ {1,2}. As (F, G) G A{d) 
and {T^,H) £ A{d{d — 1)), from Definition [TJ we have to show that |G(„,i)| is 
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bounded above by a function of d if and only if \Ha \ is bounded above by a function 
of d{d - 1). If {T^,H) is /-bounded, then \Ha\ < fid') where d' = d{d - 1) and so 
|G(„,i)| < fid) where f'{d) f{d{d~l)). Conversely, if {T,G) is /-bounded, then 
< fid) and so \H^\ < fid) = /(d(d - 1)). □ 

Theorem 29. Let (F, G) 6e m ^(c?) with G biquasiprimitive of type iA) or (_B) (m) 
on T^r (notation as in Theorem \24\ l . Then Theorem\^ holds for (F, G). 

Proof. Assume that G is of type iA), that is, H is quasiprimitive on A. In partic- 
ular. Theorem H applies to (F^,iJ). If Part (1) of Theorem g] holds for (F^,7?), 
then from Notation [57] and Lemma [55] we obtain that (F, G) is /-bounded with 
fid) = idid- 1))!)! and Part (1) of Theorem [S] holds for (F,G). Assume 

that Part (2) of Theorem [t] holds for iT^,H) and let (A, T) be as in Theorem[l(2). 
We show that Part (2) of Theorem [S] holds by taking Ai = A2 = A. If (Ai,r) 
is g^-bounded, then by Theorem [J] for each i € {1,2}, we have that (F'^,iJ) is 
5i-bounded and hence from Notation [571 and Lemma [551 (F,G) is /-bounded with 
fid) = giido) and do = did — 1). In particular, (F,G) is gi * (72-bounded. Con- 
versely, assume that (F, G) is /-bounded. By Notation[27l \Ha\ — \G(^a,i)\ < fid) 
and (F^,iJ) e Aidid - 1)). So (F^,i?) is /-bounded. Now Theorem[l(2) yields 
that (A, T) is /-bounded. 

Assume now that G is of type (B) (m). From Theorem [5^ M is a regular normal 
subgroup of H. Therefore from Corollary [T3] applied to M, H and F'^, we have 
\Ha\ < (d(d-l))! for every a £ A. Hence (F, /) is /-bounded with fid) = (d(d-l))! 
and Theorem [S] ( 1 ) holds for (F , G) . □ 

Remark 30. It is worth pointing out here that Theorem [5S] together with Re- 
mark [17] show that there is a function / : N ^ N such that, if G is of type (A) 
(with H a quasiprimitive group of type HA, HS, HC, TW, SD or CD) or if G is of 
type (i?) (ii), then (F, G) is /-bounded. Furthermore a suitable function / can be 
explicitly determined from Corollaries [15] and [16] and Theorem [29] 

Throughout the remainder this section we assume Notations [53] and [57] and we 
fix (F, G) in Aid) with G biquasiprimitive of type (B) (i) on VT (notation as in 
Theorem [24]) . Write S — and recall that R and S are intransitive minimal 
normal subgroups of H. Furthermore Soc(iJ) — M = R x S is transitive on A. 

Lemma 31. If R is ahelian, then (F,G) is f -hounded with fid) = idid — 1))!. 

Proof. If R is abelian, then so is S and M . In particular, M is an abelian normal 
transitive subgroup of H. Therefore from Corollary [13] applied to M, H and F^, 
we have \Ha\ < (<i(d- 1))!. Hence (F,G) is /-bounded with /(d) = (d(d- 1))!. □ 

Notation 32. Given Lemma [31] from now on we may assume that R is the direct 
product of I isomorphic non-abelian simple groups, each isomorphic to T say. Write 
i? = Tk,i X • • • X Tr^i and S = Ts,i x ■ ■ ■ x Ts.i with Tr^j = Ts,j = T for every 
j G {!,..., I}. Since R and S are minimal normal subgroups of the group 
H permutes transitively the sets {Trj^j and {Ts.jjj- Let a G A and denote by 
TTflj^Q : Ma — >■ Trj the natural projection on the j'th coordinate of R. Similarly, 
denote by 'Ks,j.a '■ — Tsj the natural projection on the jth coordinate of S. 

Lemma 33. // i^R.j^a or i^sj.a is surjective for some j G {1, ■ . . ,1} and for some 
ae A, then (F, G) is f -bounded with fid) = (^^((^(d - 1))!)^)!. 
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Proof. We prove three claims from which the lemma will follow. 

Claim 1. Let L be normal in H. If ^ 1, then La T^- 

Since H is transitive on A, L is normal in H and 7^ 1, we have L^' 7^ 1 for 

every a' € A. Fix a in A. As is connected, there exists a vertex a' of F^ such 

that La fixes a' and La 7^ 1- Replacing a' if necessary, we may assume that 
01 is chosen so that its distance r from a is minimal. As La < La' and a, a' are 
conjugate under 7?, we obtain La — La'- By minimality of r, this yields r = 0, 

a' = a and = iJa ' 7^ 1, and the claim is proved. ■ 

Claim 2. If Ma = Ra x Sa, Ra 7^ 1 and Ra is a minimal normal subgroup of Ha, 
then (F,G) is /-bounded with /(d) = (^^((^(d - i))!)2)!. 

As Ra ^ 1, from Claim 1 we have that Ra acts non-trivially on T^{a). As i?^ is a 
minimal normal subgroup of Ha, we obtain that i?^ acts faithfully on F^(q;) and 
hence \Ra\ < |F^(a)|! < (rf(d- 1))! for every a G A. 

Write R = {(r,r'^) | r e i?} C G+ and = {(s,s'^) \ s e S} C G+ . Since 
i?''' = S, Lp^ = ix and 5 = (x, 1)(1, 2), we have 

and Rs = 5*. Therefore {R(a,i)Y — S(a.i)a — 'S'(a^,2) and so |5'(q^,2)| = |-R(q,i)| = 
\Ra\ < {d{d-l))\ for every a e A. Let 2) be in F((a, 1)). As S^(a,i),(/3,2) Q %,2) 
and |'S'(a_i) : S(a,i),(li,'2)\ — obtain = I'Sjcj)! < d{d{d — 1))!. Therefore 

\Ma\ = li^aX^ai < d{{d{d - . From Theorem[in] (with /g (d) as in Remark [ll|) 
applied to H, M and F'^, we get \Ha\ < {d'^{{d{d~ W?)^- Hence (F, G) is /- 
bounded with /(d) = {d'^{{d{d - ■ 

Claim 3. If T^Rj^a is surjective for some j € {!,...,/} and for some a e A, then 
'^Rj.a is surjective for every j S {1, ...,/} and for every a G A. A similar claim 
holds replacing i? by 5. 

Assume that TTRj.a is surjective for some j and for some a. Since M is transitive 
on A and Af acts trivially on the set the projection TTR.j^p is surjective for 

every /3 G A. Since H = HaM, the group Ha acts transitively on {Tfl.jjj- As Ma 
is normal in Ha, we obtain tliRt tt/^ j/ q is surjective for every j' G {!,...,?}. ■ 

Now we continue the proof of the lemma. Replacing i? by 5 if necessary, we 
may assume that irRj'^a' is surjective for some j' and for some a'. From Claim 3, 
T^Rj.a is surjective for every j and for every a. We divide the proof in various cases, 
depending on whether the projection nsj'.a' is also surjective. 

Assume that 'iTs.j',a' is surjective for some /' and for some a'. Then, from 
Claim 3, the mapping T^sj.a is surjective for every j and for every a. This yields 
that Ma is a subdirect subgroup of M = T^', and hence by Scott's Lemma (see \TE[ 
Lemma, page 328]), Ma is isomorphic to a direct product of s > 1 copies of T. 
Namely, Ma — Di x ■ ■ ■ x Dg where Di = T for each i. (Specifically, each Di is a 
diagonal subgroup of some subproduct of T^' = M.) 

Suppose first that Ha acts transitively on the set {Di}i by conjugation. Then Ma 
is a minimal normal subgroup of Ha ■ This implies that either Ma acts faithfully or 
trivially on F'^(a). Since Ma ^ 1, Claim 1 gives that Ma acts faithfully on T^{a) 
and so \Ma\ < {d{d — 1))!. From Theorem [10] with f3{d) as in Remark [TT] applied 
to H, M and F^, we get \Ha \ < (d((d(d - 1))!))!. Hence (F, G) is /-bounded with 
/(d) = (d((d(d-l))!))!. 
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Assume now that Ha is intransitive on {Di\i. As Ha permutes transitively the 
sets {Tfl.jlj and {Tsj jj, the group Ha has two orbits on {Di\i and each Di is 
contained in R or in S. Relabelhng the indices of the subgroups Di if necessary, 
we may assume that {-Di, . . . , -Dfc} and {-Dfc+i, . . . , Dg} are the two orbits of Ha on 
{A}j, with A C i?nMa for i G {!,. . .,fc} and A ^ Sr^Ma for i £ {fc + 1,. . .,s}. 
Therefore 

RaX Sa C Ma = (Di X • • • X Dfc) X {Dk+l X • • • X A) 

C (i?n A/a) X (STiMa) = X S'a. 

Hence Ma — Ra x Sa , , ■S'a 7^ 1 and i?„ , 5'q are minimal normal subgroups of 
Ha- In particular, from Claim 2 the lemma is proved. 

Finally we may assume that, for every j £ {1,...,/}, Trsj,a is not surjective. 
Let 7Tii,a ■ Ma — > R and its ■ Ma ^> S" be the projections of Ma on R and S. Let 
Kfi and Ks be the kernels of tt/j „ and irs^a respectively. As iTRj.a is surjective 
for every j, the group Ma/Kn is isomorphic to a direct product of s > 1 copies 
of T, that is, every composition factor of Ma/Kn is isomorphic to T. As, for all 
jj '^s.j,a is not surjective, the group Ma/Ks has no composition factor isomorphic 
to T. Since Ma/ {Kj^Ks) is a homomorphic image of Ma/Kn and of Ma/Ks, 
we obtain that Ma/ {KrKs) = 1 and = KrKs = -ft'fl x iiTs- It follows that 
Ks ^ Mar\ R = Ra and Xi?, = f] S = Sa- Therefore Ma ^ Ra ^ Sa- 
Furthermore, as Ra = Ma/Kn ^ T" and Ha acts transitively on we see 

that Ra is a minimal normal subgroup of Ha- In particular, from Claim 2 the 
lemma is proved. □ 

Notation 34. From Lemma [33l we may now assume that, for every j G {1, . . . , /} 
and for every a € A, 'KR.j^a and T^s.j,a are not surjective. Let a G A. Let Uji,j = 
■^R.j,a{Ma), Us,j = Trs,j,a{Ma) and define J7ij = Ur^i x • ■ • x f/i^,;, J7s = Us,i x ■ • ■ x 
C/s,;. By construction. Ma projects surjectively on each of the 21 direct factors of 
Ur X Us, that is. Ma is a subdirect subgroup of ]/{■ Urj x ]/{■ Us.j- Let be the 
set of right cosets of Ur in R, which we denote by Y.r — R/Ur. Similarly, let E5 = 
S/Us be the set of right cosets of Us in S. Since Ur — JJj Urj and Us = Hj ^sj, 
the i?-action on "Er and the S'-action on E5 admit cartesian decompositions, namely 
Sfl = ltj=iiTR,j/UR,j) and E5 = 11^=1 (I's.j/C/s,^). By construction, M = RxS 
acts transitively and faithfully with product action on S = T,r x E5. 

We claim that Ha normalises Ur and /7s . In fact, since Ha normalises Ala 
and acts transitively on {Tflj jj and on {Tsj}j, we get that Ha acts transitively 
on {UR,j}j and on {C/s,j}j. In particular. Ha normalises 0^=1 ^R-J — ^'^'^ 
Hj-^i Us,j = Us proving the claim. By transitivity, \TR^j : Urj\ does not depend 
on j, and \Tsj : Us.j\ does not depend on j, that is, 12r and Eg are homogeneous 
cartesian decompositions (a cartesian decomposition Ai x • • • x A; is said to be 
homogeneous if |Ai| = \Aj\ for every i,j G {!,...,?}). Furthermore, since Ha 
normalises Ur, we have that URHa is a subgroup of H and hence H preserves the 
cartesian decomposition E/j. Similarly, H preserves the cartesian decomposition 
Eg. Since R and S are the only minimal normal subgroups of H and M acts 
faithfully on E = E^; x E5, the group H acts faithfully with the natural product 
action on E = T,r x Eg. 

Let Hr and Hs be the permutation groups induced by H on E^ and on Eg 
respectively. So H C Hr x Hs C Sym(Efl) x Sym(Es) C Sym{E). Since R is the 
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only minimal normal subgroup of Hn and R is transitive on Yjr^ we obtain that 
Soc(H_r) — R and Hji is a quasiprimitive group on E^. Since Soc{Hb) is the unique 
minimal normal subgroup of /f/f and T^R^j.a{Ma) = Un,! < T, the quasiprimitive 
group Hr is of type TW, AS or PA. The group Hr is of type TW if Ur = 1 and 
I > 1 (in particular, R acts regularly on Sfl), of type AS if ^ = 1, and of type PA if 
Ur > 1 and I > 1. Similarly, Hs is a quasiprimitive group of type TW, AS or PA 
on Eg. 

We recall the following result (for a proof see [TT! proof of Theorem 1 Case 2(6)]). 

Theorem 35. Let G be a permutation group on a finite set preserving a homo- 
geneous cartesian decomposition Ai x • ■ ■ x A/ ofQ. Then there is a permutational 
isomorphism that maps G to a subgroup o/Sym(Ai) wr Sym(Z) in its natural product 
action on A\ and that maps 17 to the natural cartesian decomposition A\ . 

To state the next result we need a standard definition. Assume that G is a 
subgroup of Sym(A) wr Sym(^) in its natural product action on A'. Recall that each 
element of G is of the form fa, where / e Sym(A)' and a £ Sym(^). We define the 
jth component of G as the permutation group induced by {fa € G \ ja — j} on 
the jth coordinate of A'. (For a proof of Theorem [36] see [H (2.2)].) 

Theorem 36. Suppose that G < Sym(A) wr Sym(Z) is transitive in its product 
action on A'. Then there exists an element x in the base group Sym(A)' and a 
transitive subgroup K o/ Sym(A) such that the jth component of x~^Gx is K for 
every j G {1, . . . , Z}. In particular, < K wr Sym(Z). 

(A proof of Theorems [55l and [551 can also be found in [TT].) Our next step is to 
replace, if necessary, the group H by a, suitable conjugate to obtain a simpler form 
for the action of H on S (see Notation [32l) . 

Notation 37. Assume Notation ^ [21 and [Ml Applying Theorem [23 and [211 to 

Hr and Hs separately, we obtain that, up to replacing Hr and T,r, Hs and S5, by 
suitable conjugates, we may assume that T,r = A^, E5 = A^ (for some sets Ar and 
As), Hr C KRWTSym{l) and Hs C wrSym(Z) in their natural product actions 
on A'^ and Ag, where Kr is a transitive subgroup of Sym(Aj^) and Ks is a transitive 
subgroup of Sym(A5). Furthermore, since for each j S {1, ■ ■ ■ ,1} the group Trj 
is a normal transitive subgroup of the jth component of Hr in its action on A^, 
we may assume that Kr is almost simple with socle T = Trj. Similarly, we may 
assume that Ks is almost simple with socle T. Let ttrj : Hrj — Nh{Trj) Kr 
and TTsj : Hsj — Nh{Tsj) — >■ Ks be the natural projections. From Theorem [36l 
we may assume that ttrj and ttsj are surjective for each j. Summing up, there is 
an i7-invariant partition E of A such that 

H C HrX Hs C (KRwrSyiail)) x (i^s wr Sym(Z)) 

and the faithful action of _ff on E is the natural product action on A^ x Ag. In par- 
ticular, the elements of H can be written as h = (fc^.i, . • . , kR,h ks,i, ■ ■ ■ , ks,i)sRSs 
with kRj S Kr and ksj S Ks for each j, sr a permutation of the I labels {{R,j)}j 
and ss a permutation of the I labels {{S,j)}j. 

Fix Xr, an element of Ar and As an element of As. We denote by aR the element 
{Xr, . . . , Xr) of Efl = A^ and by as the element (As, . ■ . , As) of Es = A^. Also, 
we fix Qfo a vertex of VT^ = A with ag lying in the block {aR,as) of E. 
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Theorem 38. Assume Notations \27[\32l \34\ andl3l[ Then I is less than or equal to 
{d{d-l)y^'^-^^inm{\TxJ,\Tx^\}'^-^'>. Furthermore, (F, G) uniquely determines 
two elements {Aji,T), (As,T) in A{d{d — 1)) with the stabilisers of the vertices of 
An conjugate to Tx^ and with the stabilisers of the vertices of As conjugate to Tx^ . 

Proof. Let be the quotient graph of F'^ corresponding to the partition S = x 
Ag of VV^ = A and let Fs(((Tj^, erg)) denote the set of neighbours of {crR,as) in 
Fs. Let rig) = (A^ . . . , . . . , for 1 < i < s, be representatives 

of the orbits of M(o.ji,crs) in the action on r^{{au, <Js))- Since M is transitive on A 
and S = E/j x Eg is a system of imprimitivity for H acting on A, we obtain that 
-^(fn.i's) i^ transitive on {vr, vs) for every {vr, vs) G So Lemma flQl apphes to H , 
M and E, and we have s < d{d-l). Since M(^a-R.as) — ^ ^os — {TxaY x (Tas)', 
we get 

(3) T^i{aR,as)) = IJ ^s)""'"--' U ((^«)''"" >< 

i=l 1=1 

= \J{i>^R,lf'-X---xi^hf'-)- 

i=l 

Now we prove five claims from which the theorem will follow. 

Claim 1^. U.=i(Ak,,)''^« = ULilAk,,)"^^" for every j G {1, . . . , I}. 
As C A'ah, the right hand side is contained in the left hand side. Fix i in 
{1, . . . , s} and k in K\j^. From Lemma \n\ we have that ttrj{Hrj D //(o-n.o-g)) 
K\j^ for each j e {!,...,?}. Hence there exists /i = (fc^ . . . , fc^ ;)s e ^^flj H 
H[aR,as) with fc^^ = fc. We obtain that {vr,Vs)'' ^ ^s{{crR,as)). Since {R,j)s = 
{R,j), the (i?, j)th coordinate of (ffR^Vs)^ is 

So, from ©, we have {Xr^)'' e U'=i(Aflj)'^^« and Claim 1r follows. ■ 

Claim I5. U'=i(Aj,,,)^;- = U,=i(A^,,)^^- for every j G {1, . . . , I}. 
The proof of this claim is similar to the proof of Claim 1r. m 

Claim 2r U-=i(Ak,,)^^- = U:=i(Ak,i)^'" fo^ every j £ {1, . . . , 0- 
Fix j in {1,...,?}. Since the left hand side and the right hand side are Tx^- 
invariant, it suffices to show that A^^- £ Ui=i(Ai?, 1)"^^" for every v G {!,..., s}. 
(This would prove that the left hand side is contained in the right hand side and 
the same argument proves the reverse inclusion.) Fix v in {1, . . . , s}. Recall that 
Hag is transitive on {TRj}j and hence so is Therefore there exists 

h = (fcfl,i, . . . , ks,i)s G -ff(^H,^s) with (R, l)s^^ = {R,j). 

We obtain that (Vr^Vs)'' e Fs((crfl, cts))- Thus 



= ((A[fi.i).-0''-^'-\---,(A[5,o.-0'<-"-^)- 
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Recalling that {R,l)s ^ — {R,j), we see that the (i?, l)th entry of (?7^,?7s)'* is 
i^Rj)'"'-'- Therefore from © we obtain that 

s 
i=l 

As kfij £ Kxn,, Claim Ij^ yields ^ € Ui=i('^k i)"^^" Claim 2ji follows. ■ 

Claim 25. UUi>^h)^'^ = UUi^ki)'^'' ^^^ry j e {1, . . . , I}. 
The proof of this claim is similar to the proof of Claim 2u- m 

Claim 2ij yields that the Is elements {^f/ j}{R.j).i are in at most s distinct T\j^- 
orbits. In particular, for each i G {l,...,s}, the i?o^^-orbit {ti]^)^'"" contains an 
element with at most s distinct entries from A'^. Therefore, replacing ij]^ with a 
suitable element from if necessary, we may assume that there are at most 

s distinct elements of A/j among the entries of r/Jj. A similar argument applies for 
r]g and we may assume that there are at most s distinct elements of A5 among the 
entries of rjg. 

Since AI = R x S is transitive on VT'^, we may choose Vi £ R and Si £ S such 
that {(Tr,(tsY'^' — (VrjVs)- Note that as 77^ has at most s distinct entries from 
A^, rig has at most s distinct entries from Ag and all the entries of an and of as 
are equal, the elements r; £ R and Si £ S can be chosen so that their / coordinates 
contain at most s distinct entries from T. 

For each (3 £ r^(ao), let r^j be an element in R and Sfs an element of S with 

Claim 3. T\, - (r^ | /? e r^(ao))T{^_and r| = {sp \ /3 £ r^{ao))T[^. 
Set U = {rpS/3 I 13 £ r^(ao)} and let F be the subgraph of F"^ induced on the set 
. We show that F^ = F. By the definitions of U and F, we have ao G and 
r(Q^o) ^ VT . Therefore, since F is [/-vertex-transitive, every vertex of F has valency 
|F(q;o)| = |F'^(ao)|. Since F^ is connected, this yields F'^ — F. In particular, U 
acts transitively on VT^ and so M = UMag- As Mq^ is a subgroup of Af(g.„.crs), 
we have M = UMi^^^^^^) and 

TjjxTl = M-(r^s^ |/3eF^(ao))M(,„,.,) 

C {{rp I p £ F^(ao))rlJ X {{sp \ p £ F^(ao))rlJ • 
The claim follows. ■ 

Fbc/?inF^(ao). Since /3 = ap"'^ G F^(ao), we get {aR^asf^'^ £T^(Wr,(ts)) 
and hence (ci?, crs)''^"''^ G ('7^^ , ?75 for some ip G {1, . . . ,s}. In particular, 

as M(a.H,crs) = Ran X Sas, there exists z^^^ G Ro-r, zs^p £ S^s such that 

{<yR,<7Rr'''''-'''-'' ^{v'^^vs')- 

Since by the definitions of the and Si we have (c/f, o's)'"'*' = ('yk'^s)' obtain 

(CTfl, 0-5] " 3 = (^ctr, as), 

that is to say, yn^^p = rpZR^pr'^ £ R^^ and ys,i3 = spzs^psj^ £ Sag- Therefore, for 
every £ F^(ao), there exists ip £ {!,..., s}, yR,p,ZR^p £ Ra^ and ys,i3,zs,p £ 
Sas such that 

rp = yR,i3rii,{zR^py^ and sp = ys,i3Si^{zs,p)~^ ■ 
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Now Lemma [Ml and Claim 3 applied to {r/3}fj and {sp}^ imply that I is less than 
or equal to d{d - min{|TA«|, I^As l}^'^^''"^^- 

Set Mflj = Tr^^ X ■■■ X TR^j-i X T^j+i x ■ ■ ■ x Tr^i x S and M^j = Rx 
Ts,i X ■ ■ ■ X Tsj-i X Ts^j+i X ■ ■ ■ X Tsa for j £ {1, ■ • • , I}- Since Mrj is a max- 
imal normal subgroup of M, we obtain that either Mrj is transitive on or 
Mrj is 1-closed in M. As Mag is a subdirect subgroup of M( 0-^^,(73), we have 
mJ^Mr^j = M^^^^^^)Mr^j = Ta^ X Mfl,j < M and so Mr^^ is 1-closed in M. 
Similarly, MagMs.j — Tas ^ ^'^s.j a-nd Msj- is 1-closed in M. Therefore, by Defini- 
tion H the pairs {T^j^ ^ , M/Mrj) and (T^^ ^ , M/Msj) lie in - 1)) for each 
j e {1, . . . ,1}. Furthermore, since H acts transitively on {AIr j}j and on {Mg j}j, 
we obtain that T^^^ ^ T^^^^ and T^j^^ = T^j^^ for every i,j e {!,...,?}. 
This shows that (F, G) uniquely determines the elements (F^^^^ , M/M^.i) and 
(F^g^, M/Msa) of A{d{d - 1)). Finally, the stabiliser in M/Mr^i of the vertex 

a^"'^ of F^^^ ^ is MoioMr^i/Mr^i = Ta^. A similar argument holds for 5 and the 
theorem is proved. □ 

Now we are ready to prove Theorem [5] 
Proof of Theorem\Si If G(^a,i) is transitive on A x {2}, then from Lemma 1261 the 
graph (F,G) is /-bounded for f{d) = d\{d - 1)! and Part (1) of Theorem [5] holds 
for (F, G). So assume that this is not the case. Then G satisfies Part [A) or [B] 
of Theorem [24l If G is of type {A) or of type [B] (ii), then the result follows from 
Theoremdl Assume that G of type (B) (i). We use Notations [?7 l [5 ^ [Ml and [571 If 
R is abelian or if T^Rj^a or T^s,j,a are surjective for some j and for some a, then from 
Lemmas 1511 and 1551 the graph (F, G) is /-bounded for / as in Part (1) of Theorem |S] 
Finally, assume that R is non-abelian and '^R,j,cn''^s,j,a are not surjective. Let 
{Ar,T) and (As,r) be as in Theorem[38l We have I < dQ° ■mm{\TxJ,\Tx^\y'^° 
with do = d{d — 1) and with Xr G VAr,Xs £ VAs- Assume that {Ar,T) is 
g/e-bounded for some gR and {As,T) is ^s-bounded for some gs- Then, \Mag\ < 
\Mian,<rs)\ = (|T^A« | |Ta, |)' < (5fl(do)ffs(do))' with do = d{d-l). So (F^,M) is /'- 

bounded for /'(do) = (.97?(do)gs(do)''°° ""'"^'^^"'''"^'s'^''"- Theorem jTUj with /3(d) 
as in Remark |TT] yields that {T^,H) is /-bounded for /(do) = ('^o/'('^o))!- From 
Notation B71 

|G(„,i)| = \Ha\<f{do) = {dof'{do)y. 

= (do(gfl,(rfo)5s(do))''''™<^«^'°^'^^^'°»"")! =5]r^(^^) 
and hence (F, G) is gR * gs-bounded. Conversely, assume that (F, G) is /-bounded 
for some /. By Lemma|2Sl (r^, H) is /-bounded. As M^^ is a subdirect subgroup of 
M(,^^,^) = X T{^, we have ITa^I < |Maol < l^^aol and similarly \Txs\ < |i?a„|. 
So (Afl, T) and (Ag, T) are /-bounded. □ 

6. Examples 

Example 39. There are many natural examples of (F, G) G A{d) admitting a 
1-closed subgroup N where {Tn,G/N) is /-bounded and Na is not bounded by a 
function of d. For instance, let X and Y be connected vertex-transitive graphs of 
valency dx and dy, respectively. We recall that the lexicographic product X[Y] of 
X and Y is the graph with vertex set VX x VY where (a;, y) is adjacent to {x' , y') 
if and only if x,x' are adjacent in X or a: = x' and y,y' are adjacent in Y. Note 
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that X[Y] is connected of valency d — dy + dx\VY\. Clearly, the wreath product 
G = Aut(y) wr Aut(X) acts vertex-transitively on X[Y]. If iV = Aut(y)^-^ is the 
base group of G, then G/N = A\it{X), the normal quotient X[F]Ar is isomorphic to 
X and Ni^^^yf = Aut(y)j^ x Aut(y)^^\'t"^h In particular, if \VX\ is not bounded by 
a function of d, then \Ni^^ y-^ \ is not bounded by a function of d. Also, if (AT, Aut(Ar)) 
is /-bounded, then {X[Y]n,G/N) is /-bounded. 

As an explicit example take X — C„ the cycle of length n and Y — K2 the com- 
plete graph on two vertices. We have (F, G) G ^(4) and (T^.G/N) is 2-bounded 
because = X and Aut(X) is the dihedral group of order 2n. Furthermore, 
|-^(£!;,i/)l — 2"^^ and hence Ni^^ y-^ can be exponential in the number of vertices of F 
with G/N having stabiliser C2. 

In Examples [40l [41] and |42l we use the notation of Theorem ID In each of the 
examples G is a quasiprimitive group of type PA with socle T^. We denote by Z3„ 
the dihedral group of order n. 

Example 40. In this example we give an infinite family of (F, G) vertex-primitive 
and locally quasiprimitive with (A, H) not quasiprimitive. 

Let g be a prime power g = p"^ > 4 and n > 3 with Gcd{q^ — l,n) = 1. Let 
T be the simple group PSL(7i, q^) = SL(n, q^) and H = T x> {F,t) where F is the 
field automorphism of order 2 of ¥^2 and t is the graph automorphism, that is, 

= Let K be the group Ch{F) = (SL(n,g) x (r)) x (F). From [7], we 

see that K is maximal in H. Let A be the set of right cosets of if in if and denote 
by So the coset K of A. So, H acts primitively on A. Let A be an element of order 
q + 1 in ¥g2 and 

/AO \ 

a; = A-i . 

V In-2 J 

Denote by 5i the coset Kx in A. We claim that Hsg acts faithfully on the suborbit 

Sf^° of H. By our choice of x, the element F does not fix i5i. Also, it is easy to 
find elements of SL(n, q) not fixing 61. Since SL(n, q) and (F) are the only minimal 
normal subgroups of ii^o, our claim is proved. Now we claim that SL(n, g) acts 
transitively on sf^° . It is easy to check that the element 

/ 1 \ 

Fy, with y = -1 , 

V In-2 J 

of Hsg fixes Si. Similarly, ry fixes Si. Since Hs^ = Slj{n, q) {Fy , ry) , we get that 
SL(7i, q) is transitive on Si^° . Finally, a direct computation shows that {Sq, Si)^^ = 
(SijSq). Let A be the ii-orbital graph containing the arc {So,Si). Since H is 
primitive, A is connected. 

We have shown that A is an undirected ii-arc-transitive graph, that H acts 
primitively on VA and that Hs^ acts faithfully on A(i5o). Also, SL{n,q) acts transi- 
tively on A(i5o) and (F) acts intransitively and semiregularly on A((5o). In particular 
(A, H) is not locally quasiprimitive. 

Let W be the wreath product H wr Sym(2) endowed with the product action on 
n = A2. Write = (ii x ii ) x (tt) , where tt^ = 1 and {h,iy = for /i e H. Let 

T be the socle of ii and A^ = the socle of W. Consider G = N{{F, r), (r, F), vr). 
Note that each of (F, r), (r, F), n has order 2 and (F, ^ (r, F), ao G/N ^ Ds. 
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The projection of Ng{T x 1) = (T x T){{F,t), {t,F)) onto the first coordinate is 
the whole of H. As G contains {N, tt) and as H is primitive on A, we obtain that 
G acts primitively on fl. 

Let r be the H^-orbital graph corresponding to the suborbit sf^° x sf^° of 
^{Sa,So)- Since G is primitive, F is connected and since A is midirected, so is T. 
As Tsg ~ SL{n,q) is transitive on 6f^°, the group Nfs^^So) acts transitively on 
r(((5o, (^o)). Therefore the graph T is G-arc-transitive. 

We claim that G(^So,So) is quasiprimitive on r(((5o, (5o))- We have 

Gf^SoM) ^ (Tso ^ Ts,){{F,t),{t,F),7t). 

Let A be a normal non-trivial subgroup of G(^Sg^So)- '^So simple and tt £ 
G(s„.5o)^ the group Ni^Sg.So) = Ts„ x Tsg is a minimal normal subgroup of G(Sq,So)- If 
AnAf(5g^5g) 7^ 1, then by minimality ^(5^ ,5^) C X and X is transitive on r(((5o, Sq)). 
UXnNi^SoM) = 1' ^ centralises A^(5o,<5o)- The centraliser of iV(5g,5^) in 
has order 4 and is generated by {F, 1), (1, F). Since ((1, F), {F, l))nG — 1, no non- 
trivial element of G(^Sa.So) centralises N(^So,So)- Hence A = 1, a contradiction. This 
proves that G(S(,,So) is quasiprimitive on r(((5o, (5o))- 

Example 41. In this example we give (F, G) locally semiprimitive with (A, T) not 
semiprimitive. Let T be the simple group SL(3,9) and H = T yi {F,t) where F 
is the Frobenius automorphism of T and t is the automorphism of T defined by 

= {x-^y. Let G be a Singer cycle of T. Since |G| = (9''' - l)/(9 - 1) = 7 • 13, 
we have G = (x) x (y) where x has order 7 and y has order 13. The normaliser of 
G in T is G X (z) for some z of order 3. From pi, we get that the normaliser N in 

of G is i{x,F) X (y,T)) x (z) = (£)i4 x _D26) x G3 where G„ denotes the cyclic 
group of order n. Denote by K the group {x, F) x {y, t) . From [4], we get that N is 
the unique proper subgroup of H containing K and A^ H T = G x (z) is the unique 
proper subgroup of T containing G. In particular, A^ is a maximal subgroup of H 
and A^ n T is a maximal subgroup of T . 

Let A be the set of right coscts of AT in and denote by 5q the coset K of A. So, 
H acts quasiprimitively on A. Let x be an involution of T such that x'^ = x^ = x 
and denote by Si the coset Kx in A. From [4] we see that Hg^ acts faithfully on 
the suborbit sf^" and {Hsg)si — {F,t). In particular, Tsg acts regularly on 5^*°. 

Since x'^ = 1, we get (i^o, 61)^ = {Si,5q). Let A be the iJ-orbital graph containing 
the arc {So, Si). Since A^ is the unique proper subgroup of H containing K and since 
X ^ N (because |A^ : ATj = 3), the graph A is connected. As Tsg is transitive on 
A(i5o), the group T acts arc-transitively on A. Furthermore {x,F) and (y,T) are 
normal intransitive and non semiregular subgroups of Hgg, so (A, H) is not locally 
semiprimitive. 

Let W be the wreath product H wr Sym(2) endowed with the product action on 
n = A2. Write IV = (ifxi/)x(7r), where tt^ = 1 and (/i, l)'^ = for /i e H. Let 

T be the socle of H and N = the socle of W. Consider G = A^((r, F), (F, r), tt). 
Note that each of (t, F), (F, r), tt has order 2 and (t, F)'" = (F, t), so G/A ^ D4. 
The projection of Ng{T x 1) — N{{t,F), (F, r)) onto the first coordinate is the 
whole of H. As G contains (A, tt) and as H is quasiprimitive on A, we obtain that 
G acts quasiprimitively on fi. 
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Let r be the VF-orbital graph corresponding to the suborbit ° x ° oi 
W(^So,5o)- We claim that T is connected, that is, G — {G(^Sg^So): {x,x)). We have 

G(5o,5o)^(<5o,5o)(('^l'-^2), (Fi,T2),7r). 

Since the only proper subgroup of T containing Tsg = C is C xi {z) and x ^ C x (z), 
we get T = {Tsg,x). Hence N = {N^^SoM^i^^^))- Therefore G = (G(5o,5o): {x,x)). 

Since A is undirected, so is F. As Tsg is regular on sf^" , the group -/V(5o,i5o) ^^ts 
regularly on T{a). In particular the graph T is G-arc-transitive. 

We claim that G(_So,So) is semiprimitive on r((Jo,^o))- Let _L be a normal non- 
trivial subgroup of G(^Sg Sgy We have to prove that L is either transitive or semireg- 
ular. Assume that L is not semiregular. So without loss of generality we may 
assume that some non- identity element I of L fixes /3 — {6i,6i). As N(^gg^Sg-f acts 
regularly on r{{So,So)), we have I £ ((r, F), {F, r), tt). The group LN(^So,So)/^iSoM 
is a non-trivial normal subgroup of the dihedral group G(^So,So)/^{So,So)- Thence 
L^{So,So)/^iSo,So} contains the center of G^Sa,So)/^{So,So)^ ^^^^ {^F, FT)Nf^So,So) ^ 
^^iSo,So)/^(So,So)- Hence we may assume that I = {tF,Ft). Now, L contains the 
element 

Z^^'i^r^ = (x-'^,1){tF,Ft){x,1){Ft,tF) ^ {x~'^tFxFt,1) 

= {tx~^FxFt, 1) = {tFx^Ft, 1) = {tx~^t, 1) = {x'^, 1). 

Therefore L contains (a:, 1). A similar computation shows that L contains 

{y, 1) and (1, y). Also L contains N(^s^ s^y In particular, L is transitive on r(((5o, ^o))- 

Example 42. This remarkable example is described in detail in [16l Example 16] 
and we recall here some significant properties related to the work in this paper. We 
refer to [16] for the proofs of our claims. 

Let H = Sym(lO), x = (1, 2, 3)(4, 5, 6)(7, 8, 9), y = (1, 4, 7)(2, 5, 8)(3, 6, 9), z = 
(2,3)(5,6)(8,9), t = (4,7)(5,8)(6,9) and l = (1,10). Write K = {x,y,z,t). Clearly, 
K = {x, z) X (y, t) = Sym(3)^. Let A be the H-sei H/K and A be the orbital graph 
{K,Kl)^. The graph A is connected, iJ-arc-transitive, vertex-quasiprimitive and 
the local action is the natural product action of Sym(3) x Sym(3) of degree 9, which 
is not quasiprimitive. 

Let W be the wreath product iJwrSym(2) — {H x H) x (tt) where ir"^ — 1 and 
{hi,h2Y = (/i2, hi) for hi,h2 £ H. Let T be the socle of i? and N the socle of 
W. Consider G = N x {n, (i, t)) and the subgroup L = {{x, y), {y, x), {z, t), {t, z), n) 
of G. The projection of Ng(T x 1) = N{{l,l)) onto the first coordinate of is 
the whole of H; furthermore, \L\ ~ 72 and L is isomorphic to Sym(3) wr Sym(2). 
Let be the G-set G/L. The group G is quasiprimitive of type PA with socle N 
in its action on fl. 

Denote by a the element L of fl, by /3 the element L{tzL, l) of il and by F 
the G-orbital graph (a,/?)'-^. The graph F is connected, G-arc-transitive, vertex- 
quasiprimitive and the G-local action is the natural primitive action of Sym(3) wr Sym(2) 
of degree 9. Finally, since the projection of L n {H x H) on the first coordinate is 
exactly the group the graph uniquely determined by (F,G) in Theorem |4] is A. 
Therefore in this example we have (F, G) locally primitive with (A, T) arc-transitive, 
but not even locally quasiprimitive. 
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